In this paper, we consider a massive MIMO multiway relay network where multiple users exchange their information via a relay equipped with a large number of antennas. Assuming perfect channel state information (CSI) and zeroforcing reception (ZFR) and zero-forcing transmission (ZFT) beam-forming at the relays, we drive a rigorous closed-form lower bound expression for the ergodic achievable rate of each pair of users, from which the total common rate is also obtained. The analytical results reveal the effects of network parameters such as the transmit power and the number of users on the rate performance and the advantage of multi-way communications over one-way and two-way communications for massive MIMO systems. Simulations are also provided to show that the lower bound expression can be used as an accurate performance predictor of the network. Our simulations also show that ZF beam-forming largely outperforms MRT/MRC beam-forming in massive MIMO multi-way relaying.
I. INTRODUCTION
Massive MIMO systems are being tested as a beneficial networking strategy for 5G wireless systems due to the large gains it brings in spectral and energy efficiency compared with conventional MIMO systems [1] . Primarily, [2] - [6] have investigated the effect of massive MIMO in non-cooperative cellular systems. Recently, massive MIMO cooperative relaying has increasingly attracted researchers' attention due to the enhanced coverage, and spectral, and energy efficiency it provides [7] . Researches on cooperative relaying combined with massive MIMO started with one-way relaying in [8] - [12] . By the aid of network coding, two-way relaying demonstrated a significant gain in spectral efficiency.
A large number of studies are available on the deployment of massive MIMO antennas in two-way relays [13] - [19] . [13] - [15] investigated two-way communication schemes where both the users and the relay are in fullduplex (FD) mode. [16] - [19] have analyzed half-duplex (HD) two-way massive MIMO relaying systems assuming zero-forcing reception/zero-forcing transmission (ZFR/ZFT) and/or maximum-ratio combining/maximum-ratio transmission (MRC/MRT) beam-forming techniques. [16] found a capacity lower bound for two-way relays with ZF beam-forming. Considering both ZF and MR beam-forming methods, [17] studied power-scaling schemes to improve the spectral and energy efficiency of two-way relaying systems. [17] concluded that massive number of antennas at the relay can average the small-scale fading and eliminate inter-pair and inter-user interference, while it also helps reduce the total power consumption. [18] assumed a relaying system with MRC/MRT processing and derived ergodic rate lower bounds for the users. [19] added channel estimation error to the model and considering MRC/MRT and ZFR/ZFT, it presented lower bound expressions for the users' ergodic rate.
The more complex cooperative relaying design, know as multi-way relay network (MWRN) [20] , [21] , is much more spectrally efficient than two-way and one-way relay networks for both perfect and imperfect CSI [22] . Just recently, adding the benefits of massive MIMO systems to multi-way relaying, some researches have been carried out to analyze the performance of multi-way massive MIMO relaying systems [22] - [25] . Among them [23] , [24] , [26] have analyzed the rate performance of the system with ZF beam-forming at the relays. [23] considering perfect CSI, derived the asymptotic SINR expression which shows the independence of the fast fading effects of the wireless channel model. Also, [23] showed that the transmit power at each user node and the relay can be scaled down inversely proportional to the number of antennas at the relay without degrading the quality of service. Considering both perfect and imperfect CSI at the relays, [24] has investigated the effect of channel aging and pilot contamination on the asymptotic SINR in MWRN with massive MIMO. The work has shown that when both channel aging and pilot contamination exist, the transmit power of the users and the relay is inversely proportional to the squareroot of the number of relay antennas while the SINR is independent of the fast fading effects of the channel. Most recently, [25] considered imperfect CSI and MRC/MRT beamforming and derived a rigorous close-form expression for the spectral efficiency.
For the multi-way relays equipped with massive number of antennas and ZF beam-forming, no closed-form expression has yet been derived for the ergodic achievable rate of users. In this paper, by the aid of the properties of inverse Wishart matrices, we drive precise formulas for the lower bound expressions of the users' ergodic rates. The closed-form expression shows that increasing the number of antennas or decreasing the number of users can significantly increase the pair-wise data rate, while increasing power of the users and the relay also boosts the data rate. Furthermore, we compare the achievable rates for one-way, two-way and multi-way relaying when ZF beam-forming and perfect CSI is available at the relay. Also, we make a comparison between the rate lower bound for massive MIMO multi-way relays with MRC/MRT and ZF beam-forming, showing that the ZF beam-forming provides far larger data rates although it brings higher complexity to the system. Monte-Carlo simulation has verified our derivations.
Notations: In this paper, bold upper case letters and bold lower case letters are used to denote matrices and vectors, respectively. For a matrix X, its trace, transpose, Hermitian transpose, conjugate, and inverse are denoted by Tr{X}, X T , X H , X * , and X −1 , respectively. The symbol x denotes the 2-norm of vector x, diag{x} denotes a diagonal matrix with x being its diagonal entries, vec(X) is the vectorized shape of matrix X, and [X] ij is the element of matrix X in row i and column j. Furthermore, I N denotes the N × N identity matrix, E[·] and Var[·] denote the expectation and the variance operators, respectively, and Cov[x] is the covariance matrix of the vector x. Also, mod N (x) denotes modulo N of x and for the two matrices A and B, A⊗B is the kronecker product of the two matrices. Finally, x ∼ CN (0, D x ) represents a circularly symmetric complex Gaussian random vector x with zero mean and covariance matrix D x .
II. SYSTEM MODEL
We consider a MWRN, where N single-antenna users exchange their information via a multi-antenna relay with M ≥ N − 1 antenna. The users and the relay transmit and receive in a half duplex mode. Each user wants to detect the signals from all N − 1 other users. An arbitrary user u i transmits signal x i with power p i satisfying 1 0 ≤ p i ≤ P 0 . Let P R denote the power transmitted by the relay. We assume that all the channels between the users and the relay follow independent Rayleigh fading (frequency flat fading). We show the channels between user u i and different relay antennas as an independently and identically distributed (i.i.d.) Gaussian random vector by h i ∈ C M ×1 (i = 1, 2, ..., N ), where it contains the i.i.d. CN (0, σ i 2 ) elements, and σ i 2 represents u i 's fading coefficient accounting for both the small-scale and large-scale path loss. Further, we denote the channel matrix between all the users and the relay by:
We assume that the channels are reciprocal and stationary during the whole transmission process. Typically, communications in a multi-way relay network are divided into two phases. There is a multiple access (MA) phase and a broadcast (BC) phase. In the MA phase, all the users transmit their information signals simultaneously to the relay so that the received signal at the relay is given by:
(2)
Gaussian noise (AWGN) vector at the relay with zero mean and variance 1 and r R ∈ C M ×1 . 1 P 0 is a preset constant to limit the individual users' power.
In the BC phase, which takes N − 1 time slots, before transmission in each time slot the relay multiplies the received signal by a linear receiving and precoding matrix to yield the signal that should be transmitted. If we present the beamforming matrix by G (n) , it is an M ×M matrix which changes in each time slot. The signal after beam-forming would be:
So, the received signal vector of all users in the BC time slot n, r
users . can be written as:
where z
T is the noise vector at the users, independently distributed by CN (0, 1). In BC time slot n, u k , is supposed to decode u i 's information symbol with the relationship i = mod N (k + n − 1) + 1. So, the received signal by u k is:
In (5), the first term contains the desired signal, the second term contains the interferences from the other users, the third term is the noise propagated from the relay. Thus, the signalto-interference-plus-noise-ratio (SINR) for the communication from u i to u k , denoted as γ k,i can be calculated as:
The instantaneous achievable rate from u i to u k , R k,i , the common rate for arbitrary user u i , R i , and the achievable sumrate of the MWRN [27] can be obtained from the following equations:
We consider that the relay employs ZF linear beam-forming:
which forces the second term in (5) to become zero. In (10), P is the permutation matrix, obtained by shifting the columns of I N circularly to the right one time and p (n)
ZF is to fulfill the transmit power constraints at the relay. Using the power constraint at the relay, p (n) ZF would be:
The proof for the derivation of (11) is shown in VI-A.
III. ACHIEVABLE RATE ANALYSIS
We have the following general formula for the ergodic achievable rate of data transmission from u i to u k , using (5) and (6) 
Derivation of (12) via analyzing the distribution of the SINR is intractable. In order to come up with a basic expression, a simplified capacity lower bound is derived using the method in [28] , [29] . In this method, the received signal is written as a know mean times the desired symbol, plus an uncorrelated effective noise. So, we rewrite (5) as the following:
In fact, the first term in (5) is composed of
is considered as the effective noise given by:
It is easy to show that the first term and the second term in (13) are uncorrelated. Assuming the worst case for the effective noise as independently distributed Gaussian noise [28] , and that M N 1, the central limit theorem provides a tight statistical CSI (SCSI) based lower bound for the ergodic achievable rate from u i to u k as the following:
where
For the case when ZF beam-forming is deployed at the multi-way relay, considering the fact that
we have derived the closed-form expression in (15) as the following(You can see VI-B for further mathematical details):
and after substituting p (n)
ZF from (11),
In this derivation, we have considered the exact number of antennas and we have derived the accurate expression instead of the asymptotic approximation. Further, the difference between this work and the most recent work for two-way multipair relaying in [30] is that in multi-way relaying we have to deal with N − 1 time slots which makes the work harder as we have to find the rate from each user to all the other users through all the time slots. Derivation in (17) is also valid for the conventional MIMO systems, while the bound becomes less tight as the number of antennas reduces.
Considering the effects of the transmission powers of the users and the relay on the data transmission rates, it can be conceived from (17) that increasing the power of each user will increase the data rate from that user and also increasing the relay power increases the data rates of all the users; however, this effect gets less significant as the number of antennas increase. Regarding the effect of the number of antennas and the number of users, (17) shows that increasing the number of antennas at the relay or decreasing the number of communicating users will have an increasing effect on the data rate of all the communication links between users. Although the pair-wise rates increase by decreasing the number of users, the total rate may decrease by decreasing the number of users. Thus, increasing the number of antennas is mostly preferred as it has a more significant effect on increasing the total throughput.
If we consider the same system model and the same ZF beam-forming for a multi-pair two-way MIMO relaying system with N as an even number and the number of time slots equal to 2, the lower bound expression for the achievable data transmission rate from a specific user u k to its pair, u k , would be as the following:
As it can be seen the lower bound expression for the pairwise data rate in the multi-pair two-way scheme [30] is similar to the one obtained for the multi-way communication scheme. This similarity is due to the ZF relay beam-forming deployed at the relay. However, the difference between these two expressions comes from the fact that there is only one broadcast time slot in two-way relaying; however, there are N − 1 broadcast time slots for the multi-way relaying scheme. Also, the relationship between p ZF and P R are different for the two schemes. If we want to have the same p ZF for the two schemes, higher power at the relay is required for the multipair two-way scheme.(The expression for p ZF of the twoway scheme can be found in [30] ). If we consider the same average lower bound for the common rates of transmission between different pairs of users as R symbols per time slot for both schemes, the lower bound for the total throughput in the multi-pair two-way scheme would be equal to N R 2 symbols per time slot while for the multi-way scheme it is (N − 1)R symbol per time slot. So, the achievable sum-rate and the overall performance would be higher for MWRN. Now we want to find the lower bound expression for the one-way communication relay [31] . For this scheme the system model is different in some aspects. We consider two groups of users, sources and destinations, each having N 2 number of users. Further, we consider that the channel matrix from the source users to the relay is denoted by H 1 and from the destination users to the relay is denoted by
, M × 1 vectors corresponding to the channel between each user and the relay antennas with independent circularly symmetric complex Gaussian elements with the same distribution as mentioned in the system model for multi-way and two-way relaying. So, if we consider a pair of source and destination users, u k and u k , respectively, we will have the following equation for the received signal at u k :
Now to find the lower bound expression for the achievable data rate from u k to u k , we can write the received signal by u k as:
Where the same as in (13),ñ k is the effective noise equal to:
Following the same steps for derivation of (17) and (18) , the lower bound expression for the achievable data rate of the one-way relay can be presented as:
As it can be seen from equations (17), (18) , and (22), the pairwise lower bound data rate for the one-way scheme is slightly larger than two-way multi-pair and multi-way schemes which is because of the nature of one-way relay networks which allows less interferences in the MA phase than the other two schemes and this way the ZF beam-forming process at the relay should force less number of interferences to zero. However, if we consider an average common rate for all the users as R symbol per time slot, we will get a total throughput lower bound equal to N R 4 symbols per time slot. As it is obvious, the lower bound total throughput for the multi-way scheme is the largest of all the three methods and then for the two-way multi-pair relaying it is larger than the one for oneway relaying scheme which is due to the fact that in multi-way relaying the time resource is used the most efficiently and in two-way multi-pair relaying the time resource is used more efficiently than the one-way relaying scheme.
IV. SIMULATION RESULTS
In the following, we show that Monte-Carlo simulations prove our mathematical derivations of the achievable data rate lower bound expression for a multi-way relay network which uses ZF beam-forming. In other words, we compare the results of lower bound common sum-rate using (9) and (17) with the results from Monte-Carlo simulations. We also make a comparison between the common sum-rate for multiway relay networks with ZF beam-forming and MRC/MRT beam-forming [25] . Fig. 1 In our simulations, we have considered the Rayleigh fading channels to have variances σ 2 i = 1 for i ∈ {1, 2, ..., N }, and the users' powers to be all equal. The simulations are done for N = 3 and N = 20. We have run the simulations 1000 times and the presented results are obtained after averaging over 1000 times.
In Fig. 1 ., P R = 30 dB, the transmission power at the users is 10 dB and the number of antennas differs in the range M ∈ [25, 50, 100, 150, 200, 300, 400] . As it can be seen in this Fig. 2 , you can see the results of the case when power at the users and the number of antennas at the relay are fixed to 10 dB and 200, respectively, while P R changes in the range [10, 20, 30, 40] dB. This figure also shows that the lower bound is very well fitting the ergodic achievable rate. Finally, you can see the results when P R = 30 dB, M = 200 and power at the users change in the range [0, 5, 7, 10, 15] dB, in Fig. 3 . Also from Fig.s 1, 2 , and 3 we understand that the achievable rate for the MRC/MRT beam-forming is far less that than the ZF beam-forming and that the trend of increase in the achievable rate when the powers at the relay or the users increases is much slower for MRC/MRT beam-forming than ZF.
Furthermore, comparing the results when N = 20 with the same results when N = 3 we see that the common sum-rates are higher. Also we conceive that the ratio of the common sum-rates for N = 20 to the ones for N = 3 are greater than or equal to the fraction of the users in the system for these two cases, i.e. 20 3 , which is reasonable.
V. CONCLUSION
We have proposed a closed-form lower bound expression for massive antennas multi-way relay networks using ZF beamforming as the linear processing. In this derivation, we have not used an asymptotic analysis on spectral efficiency and everything is derived rigorously. The achievable rate lower bound expression fits the actual result for all number of antennas while it is tighter for its larger values. Furthermore, we have compared the results of ZF beam-forming with MRC/MRT which is not-surprisingly far larger for the ZF one, of course at the price of higher complexity. Our analysis shows that among the opportunities to help increase the achievable sum-rate, increasing the number of antennas has the best effect both on the relays using ZF and MRC/MRT; however, the increasing trend is far faster for the ZF beam-forming in general.
VI. APPENDICES

A. Proof for Derivation of (11)
On the basis of (3) and (10), we find an expression for p (n) ZF going through the following steps: 
In order to find a closed-form expression for p (n) ZF , we should find closed-form expressions for the two parts of the numerator. For the first part we have:
E[ H * P nH HH 2 ] = Tr{E[H * P n I N P s I N (P n ) TH T ]}, (25) and after simplifications, we will get: 
So, using equations (24) to (29) we obtain the expression in (11) for p (n) ZF . 
So, the closed-form expression for the ergodic achievable rate lower bound of the communication link from u i to u k , would be as (16) .
